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Mechanism of short pitch rail corrugation: initial excitation and 
frequency selection for consistent initiation and growth
Zili Li, Shaoguang Li, Pan Zhang, Alfredo Núñez and Rolf Dollevoet

Section of Railway Engineering, Delft University of Technology, Delft, The Netherlands

ABSTRACT
This paper proposes a new hypothesis for the formation process of short 
pitch rail corrugation. An FE wheel-track dynamic model is utilized to 
verify the hypothesis by reproducing corrugation initiation and consistent 
growth. It is found longitudinal compression modes are responsible for 
corrugation initiation with necessary initial excitation that allows flexibility 
for longitudinal vibration. Consistency between longitudinal compression 
and vertical bending eigenfrequencies of the wheel-track system is 
required for consistent corrugation growth, which also determines max
imum corrugation amplitude. Corrugation initiates by frequency selection 
instead of wavelength fixing. The proposed mechanism can explain field 
observations including the wavelength and periodicity of corrugation in 
the Netherlands, why corrugation forms on continuously-supported 
tracks where pinned-pinned resonance does not exist, and the small 
variation between the corrugation wavelength and train speed.
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1. Introduction

1.1. Literature review

Rail corrugation has been known and investigated for more than one century [1]. There have been 
extensive experimental investigations [2–6], metallurgical characterization of the rail surface 
material microstructural changes [7–11], and analytical and numerical studies [12–20]. Some 
other research publications can be found in the review papers [1,21,22]. Grassie and Kalousek [1] 
classified corrugation into six different groups based on damage mechanisms and wavelength-fixing 
mechanisms, i.e. heavy haul, light rail, booted sleeper, contact fatigue, rutting and short pitch 
corrugation. Short pitch corrugation, also known as ‘roaring rail’ due to the noise radiation it 
produces [23,24], has the following characteristics [1]: 1) its wavelength falls in the range of 20–80  
mm, and its amplitude can be up to 100 µm; 2) it predominantly occurs on straight tracks or at 
gentle curves; and 3) field data show that the wavelength is insensitive to train speed [1,15,25]. 
While most groups of corrugation have been well understood in the literature, the formation 
mechanism of short pitch corrugation remains unclear [15,26]. In the remainder of this paper, 
the term ‘corrugation’ refers to short pitch corrugation.

Currently, corrugation formation is explained by a process including structural dynamics and 
a damage mechanism [26–28]. The structural dynamics determines the corrugation wavelength, 
and the main damage mechanism is usually considered to be differential wear [29–33].

Corrugation is a complex problem principally due to its unknown wavelength-fixing mechan
ism. In the literature, different hypotheses have been proposed for this mechanism. They 
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considered either the instability of wheel-rail systems or structural dynamics. The instability of 
wheel-rail systems relates corrugation to stick-slip vibrations [18,34,35]. Stick-slip vibrations are 
induced by negative friction under saturated creep conditions [36] and do not apply to the 
corrugation on straight tracks or at gentle curves with relatively low tractions. The hypotheses 
about structural dynamics include factors such as the P2 resonance (the unsprung mass vibrating on 
the track stiffness) at approximately 50 ~ 100 Hz [15,37], the sleeper passing frequency [38,39], the 
wheelset second torsional resonances at 250 ~ 400 Hz [19,27,40], and the ‘pinned-pinned’ reso
nance at 400 ~ 1200 Hz, where the wavelength equals twice the sleeper span [27,41].

For the frequency range of interest of the corrugation at high speed, the ‘pinned-pinned’ 
resonance is widely considered the wavelength-fixing mechanism. Therefore, short pitch corruga
tion is also named ‘pinned-pinned resonance’ corrugation [27]. The hypothesis built upon the 
‘pinned-pinned’ resonance is frequency fixing instead of wavelength fixing [42]. According to the 
frequency-fixing mechanism, the corrugation wavelength should increase linearly with train speed. 
However, field data show that corrugation is insensitive to train speed variations [1,15,25]. This 
disagreement was explained in [42], by proposing that the corrugation was formed by different 
wavelength-fixing mechanisms, i.e. pinned-pinned resonance is not the only wavelength-fixing 
mechanism. In addition, the ‘pinned-pinned’ resonance cannot sufficiently explain corrugation for 
the following reasons: 1) corrugation can also form on continuously supported tracks despite much 
smaller occurrence probability where pinned-pinned resonance does not exist [22,43]; 2) the 
corrugation formed on Vancouver ‘Skytrain’ shows no influence by different sleeper supporting 
spans [25]; and 3) field data regarding the small variation between the corrugation wavelength and 
train speed from British Rail Research and Cambridge University cannot be explained [1,15,25].

To understand the wavelength-fixing mechanism, the significance of contact mechanics was also 
addressed. To explain why corrugations are observed only in the range of 20–80 mm, a contact 
filtering effect was proposed [12,33,44]. The contact filter guarantees that only corrugations falling 
in the short pitch range can grow. Then, the wavelength-fixing mechanism is explained as certain 
structural dynamics causing differential wear with their corresponding wavelengths falling into the 
amplification zone determined by the contact filter [12].

Many models have been developed to understand corrugation formation mechanisms, such as 
multibody models [45,46], beam models [47–49], and finite element models [26,50,51]. In addition 
to linear contact mechanics models, the more complex non-Hertzian [33] and nonsteady state 
[28,52,53] treatments of wheel-rail contact mechanics were included. Models with those more 
complex features are expected to be more accurate; however, they have reported no corrugation 
growth [26,52,54]. Therefore, the formation mechanism of corrugation remains elusive.

1.2. Problem statement: initial excitation and mechanism of frequency selection for 
consistent initiation and growth

In this work, we introduce two necessary conditions for corrugation continuous initiation and 
growth motivated by the vast previous research and the corrugation-like waves often observed after 
rail squats [55,56]. In [26], the first necessary condition was proposed that rail longitudinal 
vibration modes are probably dominant for corrugation initiation and that for continuous corruga
tion initiation and growth, there should be a consistency among the vertical and longitudinal 
vibration modes, the dynamical responses and the resulting wear.

In this paper, we first propose the second necessary condition for corrugation initiation – the 
initial excitation. We then show that with a proper initial excitation, the wheel-track system selects 
to resonate around a longitudinal central frequency so that the corrugation can indeed initiate and 
grow consistently, and thus continuously, with a seemingly ‘fixed’ wavelength. Such excitation is 
called effective initial excitation.

Generally, for the initiation of dynamics-induced rail rolling contact failures, there should be an 
initial excitation to the system. With this initial excitation, dynamic wheel-rail contact forces are 
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generated in certain wavelength ranges, and result in differential wear and differential plastic 
deformation. After many wheel passages, defects form due to the accumulation of wear and plastic 
deformation [57]. In the case of corrugation, the initial excitation can be local geometrical 
irregularities (e.g. squats [36] and scratches [58]), local material irregularities (inhomogeneity) 
and the associated geometrical irregularities (e.g. poor welds [59]), and anomalies that are often 
invisible in track systems. An important feature of the corrugation induced by local irregularities is 
that the local irregularities are often visible; they excite large vertical vibrations, and the resulting 
corrugation-like waves usually decay over a finite number of wavelengths. In contrast, corrugation 
with invisible initial excitation often appears over a much longer distance. These results suggest that 
local vertical excitation is not the cause of the latter corrugation.

This paper focuses on invisible excitation. The results in [26,52,54] give reasonable explanations 
regarding why track systems with nominal parameters can be corrugation-free, in agreement with 
field observations that corrugation appears on some types of tracks in some circumstances and not 
in others [42]. This means that such nominal parameters, including the associated modelling, do 
not include effective initial excitations. There have been some studies on the corrugation problem 
from the viewpoint of fastenings (including railpads) [17,51,60,61]. Field data show that fastening 
systems are influential in corrugation formation [5,26]. However, track parameters, such as those of 
fastenings, that possibly introduce an effective initial excitation to the vehicle-track system are still 
to be investigated and identified. An effective initial excitation should initiate the fluctuations of 
wheel-rail contact forces, cause differential wear or deformation, and finally lead to consistent 
corrugation formation, i.e. initiation and growth.

In this paper, we hypothesize a corrugation formation process and investigate whether effective 
initial excitations and the necessary consistency can be achieved by controlling certain fastening 
parameters and how a central frequency is selected that leads to an apparent fixed wavelength. A 3D 
transient finite element (FE) vehicle-track interaction model with frictional rolling contact 
[26,59,62,63] is employed to simulate the hypothesized corrugation formation process. Here, 
fastening parameters mean both the choice of the parameters and the modelling of the fastening.

1.3. Structure of this paper

The paper is organized as follows. A hypothesis for a consistent corrugation initiation and growth 
process is proposed in Section 2. Section 3 introduces the models employed to verify the hypothesis 
of Section 2. In Section 4, corrugation initiation from an initial excitation determined by fastening 
modelling is presented. It is further shown that rail longitudinal compression modes cause corruga
tion initiation. Section 5 studies the corrugation growth from the corrugation initiated in Section 4. 
The consistency condition for continuous corrugation initiation and growth is analysed by examin
ing the behaviour of the differential wear Wf in relation to the longitudinal and vertical contact forces 
FL and FN. Section 6 continues to study the roles of the eigenfrequencies, and a mechanism of 
frequency selection is identified that ‘fixes’ the apparent wavelength in a seemingly speed- 
independent manner. Finally, in Section 7, conclusions and further work are summarized.

2. Hypothesis for a consistent corrugation initiation and growth process

Based on [26], a process of consistent corrugation initiation and growth is hypothesized and shown 
in Figure 1a. This process contains four steps.

Step (a) Initial excitation: The rail is smooth in the beginning. When a wheel rolls over the track 
with an initial excitation, dynamic responses of the track are induced, dynamic contact forces arise, 
and the resulting initial differential wear of certain wavelengths is obtained through FE simulation. 
This wear causes the very initial corrugation after the first wheel passage, whose severity is 
quantified with a maximal peak-to-trough distance (2Amax)0. The initial excitation will be discussed 
in Section 4.1.
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Step (b) Corrugated rail: After the first wheel passages on the smooth rail, the initial corrugation 
of (2Amax)0 will develop and is thus applied to the rail surface. It is proportional to and in antiphase 
with the initial differential wear. Antiphase means a wear peak causes a corrugation trough. 
Similarly, additional wear from Step (d) is added to the corrugation to become (2Amax)i (i = 1, 2, 
3, . . .) to simulate subsequent wheel passages.

Step (c) Differential wear by the joint excitation of the initial excitation and the corrugated rail: 
The rail is now corrugated, which can be in its initial form of (2Amax)0, as shown in Step (a), or 
a more advanced form of (2Amax)i (i = 1, 2, 3, . . .), as shown in Step (b). The corrugation is an 
additional excitation besides the initial excitation. Both excitations can cause differential wear of 
their respective wavelengths.

Step (d) Consistency of the differential wear: The growth of the corrugation will be determined 
jointly by the wear caused by the two excitations. For consistent initiation and growth, the wear 
must add up to each other so that (2Amax)i > (2Amax)i-1. This requires that the phase and wavelength 
of the wear remain the same or at least sufficiently close to each other. This is the consistency 
condition. The corrugation will continuously grow when the consistency condition is met.

Now let the wheel roll over the corrugated rail, calculate the differential wear and check if the 
consistency condition is satisfied. If the condition is satisfied, then repeat Steps (b), (c), and (d) with 
increased (2Amax)i until a limiting (2Amax)l, with which the condition is no longer satisfied (see 
Figure 1(b)). It will be shown in this paper that with a certain given set of fastening parameters (e.g., 
RPM3), corrugation initiates and grows consistently from the smooth rail to the corrugated rail with 
amplitudes up to 80 µm, i.e. (2Amax)l = 80 µm. If the condition is not satisfied, then the given set of 
parameters is not suitable for further growth of the corrugation. Alternatively, it can mean that the 
damage mechanism is not differential wear (anymore) but, e.g., (differential) plastic deformation. 
A further search for more sets of suitable parameters and the consideration of a different damage 
mechanism, such as plastic deformation, are beyond the scope of this paper.

3. Numerical models

3.1. FE model

The model should consider the structural dynamics, the mechanics of wheel-rail contact that 
couples the vehicle with the track where the corrugation takes place, and the damage mechanism.

Figure 1. The hypothesis for consistent initiation and growth of the corrugation. (a) the flowchart of the hypothesis; (b) the 
flowchart of the computer simulation that examines the hypothesis. Step (a) is examined in Section 4, and the remainder is 
analyzed in Section 5.
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A 3D FE vehicle-track model was developed as shown in Figure 2. The model is based on 
a symmetrical vehicle-track system of a straight track. Thus, a half-track and a half wheelset are 
considered. The car body and bogie structures above the primary suspension are lumped into 
a mass, which usually influence the vehicle-track dynamic interaction in the relatively low- 
frequency range (tens of Hz [64]), beyond the relevant frequency range of corrugation. This 
simplification does not consider the effect of the bogie flexibility and the multiple bogie wheelsets, 
which play an important role in high-frequency vehicle-track interaction [20,65] and will be further 
studied in future work. Spring-damper elements represent the primary suspension. The wheelset, 
rail, and sleepers are modelled with 3D finite elements. The radius of the wheel is 460 mm, with 
a conicity of 1/40. The rail is UIC 54 with a 1/40 inclination. Fastenings and ballast are also 
modelled as spring-damper elements. Track parameters representing the typical Dutch railway 
system are referenced from [26,66]. The solution zone with a meshing size of 0.8 mm starts at 0.3 m 
from the initial wheel location. The track length is 20.54 m and non-reflecting boundary conditions 
have been applied to two rail ends. The wheel-rail interaction is treated as surface-to-surface contact 
with a penalty method [67]. Coulomb’s frictional law is applied, with the friction coefficient being 
0.4. The longitudinal load is defined with a traction coefficient of µ = 0.15. The running speed is 140  
km/h. In the simulations, an implicit-explicit sequential approach is employed [62,63]. The time 
step in the explicit integration is 4.67 × 10−8 s, which is small enough to meet the Courant stability 
condition [68]. Because of the nature of the explicit integration, the transient rolling contact and 
high-frequency dynamics of the wheel-track system are automatically included in the solution [63].

The dynamic interaction between them is through wheel-rail frictional rolling. This model has 
been verified by comparison with the established Hertz, Spence, Cataneo, Mindlin, and Kalker 
contact solutions [62,69]. Its ability to represent the wheel-track structural dynamics has been 
shown with hammer tests [70] and axle-box acceleration measurements [71]. The model includes 
direct coupling between the contact mechanics and the structural dynamics; this renders it able to 
explain problems arising from dynamic vehicle-track interactions, such as rail squat development 
and corrugation-like waves induced by squats [55,59,66,72]. As noted in [73], the model ‘provides 
a very good explanation for the development of corrugation initiated from isolated railhead 
irregularities.’ Furthermore, the model was used in [26] to study corrugation, with new insights 
gained about the conditions for corrugation initiation and growth, although corrugation growth 

Figure 2. Schematic diagram of the FE vehicle-track model. (a) front view; (b) side view.
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was not numerically reproduced there. Then, using the results in [26], this present paper further 
investigates the mechanism for consistent initiation and growth of corrugation.

3.2. Fastening models

Figure 3 shows the modelling of a fastening in the FE vehicle-track model, representing the nominal 
track situation (RPM1 in Figure 3b). The fastening is represented with 4 × 3 columns and rows of 
spring-damper elements and constrains the rail in the longitudinal (x), lateral (y), and vertical (z) 
directions. Due to the degradation of fastening, e.g., by wear of the railpad and clips, the rail may not 
necessarily be in uniform contact with the railpads and hence not be uniformly constrained. Thus, 
the constraining conditions in the model should take this into account. Different configurations of 
the spring-dampers with various constraining conditions can be defined with different fastening 
models. The influences of fastening modelling on the vertical and longitudinal contact forces 
excited by rail squats were studied by Zhao et al. [74]. It was identified that fastening modelling 
plays an important role in high-frequency vehicle-track interactions. Since there is a certain 
relationship between squats and corrugation [55], the effects of fastening models are also studied 
in this paper.

To investigate the effects of fastenings on corrugation initiation, five fastening models (RPM1) are 
designed, as shown in Table 1. The five models are described with 3 terms in the 1st column, the first 
describing the vertical constraint of the rail nodes by fastenings, the second and third describing the 
constraint in the longitudinal and lateral directions, respectively. To clearly see the difference between 
the five models, symbols such as V-∞-4 are shown for each of the models in the 1st column. The meaning 
of the symbols can be found in the second column. For example, V-∞-4 means that the fastening has 
nominal railpad stiffness in the vertical direction (V), is continuously and rigidly constrained at all the 

Figure 3. Fastening models of RPM1 and RPM3. (a) RPM1 that does not give rise to corrugation in [26]. (b) RPM3 that gives rise to 
corrugation in this paper.
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nodes of the rail foot in the longitudinal direction (∞) and is discretely and rigidly constrained with 4 
rows of springs in the lateral direction (4). The lateral constraint of rail nodes in these five models keep 
the same, as shown in Figure 3(b) and Table 1.

RPM1 is employed in Section 4 to show a fastening model that does not give rise to corrugation, 
as presented in [26]. RPM3 (see Figure 3b) is used in Sections 4 and 5 to investigate the consistent 
initiation and growth of corrugation. RPM2, RPM4, and RPM5 are introduced in Section 4 to show, 
compared to RPM3, which structural dynamics are dominant for corrugation initiation.

3.3. Wear model

The damage by wear Wf at a point in the rail surface is assumed to be proportional to the 
accumulated frictional work done during wheel passages [13,52,75]. When such a point is repre
sented by a surface element, the frictional work is calculated for each wheel passage, i.e. from the 
element entering until leaving the contact patch, as follows: 

Wf x; yð Þ¼kwf x; yð Þ¼k
XN

i¼1
τi x; yð Þvi x; yð ÞΔt (1) 

where k is the wear coefficient, wf (x, y) is the frictional work, τi (x, y) and vi (x, y) are the local 
tangential stress and slip, respectively, and N is the number of time steps ∆t during which the 
element passes through the contact patch.

Table 1. Five fastening models to understand corrugation initiation.

Fastening 
model

Description of the rail foot 
constraints Purpose Results

RPM1 
(V-3-4)

Vertical: railpad stiffnessa. 
Longitudinal: discretely & 

rigidly constrained at all 
the 3 columns. 

Lateral: discretely & rigidly 
constrainedb 

at all 4 rows.

1. To model a nominal track. 
2. To relate to [26] and as a reference 

to show a fastening model that 
does not cause corrugation.

It does not cause corrugation because of 
the strong longitudinal constraint so 
that the PSDs of Wf, FL and 
displacement are low (Figures 4b, 7 
and 9).

RPM2 
(V-∞-4)

Vertical: as RPM1. 
Longitudinal: 

continuouslyc & rigidly 
constrained at all the 
nodes of the rail foot. 

Lateral: as RPM1.

To show no longitudinal compression 
modes, no corrugation.

It does not cause corrugation because of 
the strong longitudinal constraint so 
that the PSDs of FL and displacement 
are low (Figures 6 and 9).

RPM3 
(V-1-4)

Vertical: as RPM1. 
Longitudinal: discretely & 

rigidly constrainedd at 
only 1 column (the 
middle column). 

Lateral: as RPM1.

To show a fastening model that gives 
the initial excitation and causes 
consistent initiation and growth of 
the corrugation.

It causes corrugation.

RPM4 
(∞-1–4)

Vertical: continuously & 
rigidly constrained at all 
the nodes of the rail foot. 

Longitudinal: as RPM3 
Lateral: as RPM1.

To show that corrugation occurs 
without rail vertical bending.

It causes corrugation.

RPM5 
(∞-∞-4)

Vertical: as RPM4. 
Longitudinal: as RPM2. 
Lateral: as RPM1.

To show that rail longitudinal sheared 
vibration does not cause 
corrugation.

It does not cause corrugation because of 
the same rigid longitudinal constraint 
as RPM2.

a: The constraint has the nominal vertical stiffness of a railpad. b: as shown in Figure 3b. c: being continuously constrained means 
all the nodes at the rail bottom are constrained to the coordinate system. d: as shown in Figure 3b.

INTERNATIONAL JOURNAL OF RAIL TRANSPORTATION 7



Figure 4. Initial differential wear Wf calculated with RPM1 and RPM3, 20–80 mm bandpass filtered. (a) in the spatial domain (the 
differential wear is normalized with the maximum amplitude of the differential wear under RPM3) and (b) in the wavelength 
domain (the PSD is normalized with the magnitude of the dominant wavelength component under RPM3). (c) Corrugation on 
a ballast track with mono-block sleepers and fastenings with a W-shaped tension clamp. It was on a straight track near Assen, the 
Netherlands. The corrugation amplitude was nonuniform. (d) PSD of 2 field corrugation measurements and (e) and (f) the 2 
measurements of corrugation with PSD shown in (d). The corrugation was measured with RAILPROF over 1 meter with a 5 mm 
sampling interval along the middle of the rail top surface. (g) squats caused by corrugation, Deenik clips, track located in 
Steenwijk, the Netherlands (Source [26]).
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4. Corrugation initiation

This section discusses corrugation initiation due to differential wear caused by an initial excitation, 
i.e. Step (a) of the hypothesized process of Section 2.

4.1. The initial excitation

First, the initial excitation is identified. In the literature, the differential wear is found to be sensitive to 
fastenings from both field observations and numerical modelling [5,26,74]. In [26], a fastening boundary 
condition corresponding to RPM1 was used, as shown in Figure 3b, and it was concluded that 
corrugation would not form. Through parametric variation studies, it was observed in the current 
study that in some situations, the differential wear has a higher power intensity in the corrugation 
wavelength range of 20–80 mm. One such situation, RPM3 (Figure 3b), is that in comparison to RPM1, 
the fastening longitudinal rigid constraints are released in the first and third columns and maintained 
only in the second column. In this case, a high amplitude of differential wear with wavelength 
components in the corrugation wavelength range is observed (see Figure 4a). This fastening model 
could represent a situation where (more) degradation, e.g. railpad wear, occurs at the leading and trailing 
sides of the fastening, changing the constraining condition of the rail and allowing more flexibility in the 
longitudinal direction. This fastening condition, i.e. RPM3, is now considered a possible effective initial 
excitation and is examined in the next sections.

4.2. Initial differential wear

With this initial excitation RPM3, the spatial and wavelength domain distributions of the differ
ential wear were obtained with the FE model of Section 3 and are shown along with those of RPM1 
in Figure 4(a, b). With RPM3, there are four main wavelength components after bandpass filtering 
in the range of 20–80 mm, namely, 39.4 mm (corresponding to 987 Hz with a traffic speed of 140  
km/h), 33.3 mm (1168 Hz), 28.6 mm (1360 Hz) and 24.9 mm (1562 Hz). The wavelength of 28.6  
mm has the highest power spectral density (PSD) magnitude and is thus dominant. The differential 
wear of RPM1 has much lower power intensity magnitudes in the wavelength range of 20–80 mm 
and is thus unable to initiate corrugation.

Figure 4(c–g) show field observations of corrugation on the Dutch railway network. The spatial 
distribution of the simulated differential wear of RPM3 in Figure 4(a) has a pattern similar to the field 
corrugation in Figure 4(c); they both have an amplitude periodicity of approximately 8–9 wavelengths 
[26]. Such periodicity is clearly visible in the field measurement, as indicated in Figure 4(e), where 
2Amax = 32.4 µm. Although such periodicity is not clearly present in the measurement of Figure 4(f), 
the main wavelength components of the 2 measurements are the same, i.e. 28.6 mm (Figure 4(d)), and 
they are in good agreement with those from the simulation with RPM3 (Figure 4(b)). The agreement 
between the simulation and the field observation is because the model uses parameters of the typical 
Dutch railway, and the model has been calibrated and validated in previous research for the Dutch 
situation [26,62,63]. There are 4 components approximately 28.6 mm from the simulation. In each of 
the measurements, there are multiple wavelength components longer than 28.6 mm. Both the field data 
and the modelling show that multiple vibration components co-act. The apparent overall wavelength 
seen in Figure 4(c) is a combination of all the co-acting wavelengths. The difference between the 2 
measurements is due to the variability that commonly exists along railway tracks. Figure 4(g) shows 
a periodicity variation in the field marked by the squats. The most severe squats took place at the 
largest corrugation amplitude, and the periodicity has 11 and 9 wavelengths in the figure.

INTERNATIONAL JOURNAL OF RAIL TRANSPORTATION 9



4.3. Longitudinal force dominates corrugation initiation

The initial differential wear reflects the dynamic behaviour of the wheel-rail interactions in the 
vehicle-track system, which determines the initial wavelength of the corrugation. The contact 
forces, due to the wheel-rail dynamic interaction, act as the input to the damage mechanism, 
causing wear. The relationship between the initial differential wear and the dynamic contact forces 
is studied in this section.

Figure 5 shows the differential wear (Wf) and the corresponding longitudinal (FL) and vertical.2 

(FN) contact forces in the spatial and wavelength domains. In the spatial domain, as shown in 
Figure 5(a), Wf and FL are highly correlated, with approximately the same phase and with the same 
trend of amplitude variation, e.g. the larger amplitudes near 0.575 m and 0.75 m. The slight phase 
difference between them is inherently because FL is the sum of the longitudinal shear stress over the 
entire contact patch, while wear only appears at the rear part of the contact patch where microslip 
exists [62]. Further PSD analysis in Figure 5(b) confirms that all four main wavelength components 
of the wear can find their respective counterparts in the PSD of FL, with a corresponding wavelength 
and magnitude. The vertical contact force shows almost no correlation with the wear in neither the 
spatial domain nor the wavelength domain. Therefore, we can conclude that FL dominates the 
initial differential wear and thus corrugation initiation.

Figure 5. Comparison between the initial differential wear and the contact forces (bandpass filter 20–80 mm) of RPM3 in the 
spatial and wavelength domains. (a) in the spatial domain (b) in the wavelength domain.

Figure 6. Longitudinal contact forces FL under RPM1–5. (a) FL in the spatial domain and (b) FL in the wavelength domain. The 
wavelength numbers shown in the plot are for RPM4, and the curve for RPM3 is the same as that in Figure 5b. The results were 
obtained with 2amax = 0 (smooth rail).
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4.4. The corrugation-initiating wear is caused by rail longitudinal compression modes

In this section, we further examine what happens in the rail concerning the wheel-rail contact and 
show, as proposed in [26] and observed in the preceding section, that it is the rail longitudinal 
compression modes [76,77], instead of the rail vertical bending or longitudinal shear, that are 
dominant for corrugation initiation. To this end, RPM1–5 in Table 1 are designed to identify the 
vibration mode that is responsible for the initial differential wear of the corrugation.

4.4.1. Vertical rail bending is not responsible for corrugation initiation
We first show that the vertical rail bending mode is not responsible for the initial differential wear.

Figure 6 shows FL under the different fastening conditions RPM1–5. Vertical bending is allowed 
in RPM3 but not in RPM4. Compared to RPM3, the vertical degrees of freedom of all the nodes at 
the rail bottom are rigidly constrained in RPM4. From Figure 6a, 6b both RPM4 and RPM3 have 
large FL values, indicating that vertical rail bending is not a decisive factor for FL.

However, RPM1 and RPM2 also allow vertical bending as RPM3, whereas the FL values of RPM1 
and RPM2 have negligible PSD magnitudes compared to those of RPM3 and RPM4 in Figure 6b. 
This is because, as listed in Table 1, RPM3 and RPM4 are longitudinally constrained only at the 
middle column, whereas RPM1 and RPM2 are more strongly and rigidly constrained in the 
longitudinal direction. This indicates that the longitudinal vibrational modes are much more 
important than the vertical bending for the fluctuation of FL. Additionally, from Figure 6a, RPM2 
exhibits almost no fluctuation, whereas RPM1 still has some fluctuation. Compared to RPM1, 
whose longitudinal rigid constraint is only applied at the 3 columns of the fastening, RPM2 rigidly 
constrains all the nodes of the rail foot bottom in the longitudinal direction. This result again 
indicates the dominance of rail longitudinal vibration in the fluctuation of FL.

Figure 7 further shows the displacement of a node in the middle of the rail contact surface to 
analyse the effect of rail vertical bending on corrugation initiation. This node is at position 0.6 m 
inside the solution zone and is above a sleeper. When rail vertical bending is allowed, as is the case 
by RPM1–3, the node displacement follows an overall rising trajectory when the wheel rolls over it 
from left to right (Figure 7a). The PSD of the node displacement (Figure 7b) generally agrees with 
the PSD of FL (Figure 6b), except for the relative magnitude of the corresponding wavelength 
components. When the bending motion of the rail is not allowed as by RPM4, the displacement of 
the node is generally horizontal, fluctuating around −40 µm, i.e. without the overall rising trend 
(Figure 7a). Its overall negative value is due to the backward shear deformation caused by the 
longitudinal tangential force. This analysis confirms that the overall rising longitudinal 

Figure 7. Longitudinal displacement of a node in the middle of the rail top surface at x = 0.6 m when the wheel rolls from the left 
side at x = 0.5 m over the node to the right until x = 0.8 m (nodes are from a cross-section next to 0.6 m to avoid the influence 
from the fastening constrained boundary). (a) node displacement in the time domain and (b) node displacement in the 
wavelength domain. The wavelength numbers shown in the plot are for RPM3 (green) and RPM4 (black). The results were 
obtained with 2amax = 0 (smooth rail).
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displacement in Figure 7a with RPM1–3 is due to the vertical bending of the rail. The exclusion of 
rail vertical bending vibration in RPM4 suppresses the overall rising longitudinal displacement but 
cannot prevent the fluctuations of FL, the longitudinal displacement and the initial differential wear. 
It is RPM1 and RPM2 that have negligible PSD of the longitudinal nodal displacement because of 
their stronger longitudinal constraints.

In summary, these observations show that the vertical bending vibration is not responsible for 
corrugation initiation.

4.4.2. Longitudinal rail shear is not responsible for corrugation initiation
After excluding the vertical bending vibrations, in this section, we investigate whether rail long
itudinal sheared vibration and/or longitudinal compression/rarefaction vibration are responsible 
for corrugation initiation. To this end, RPM4 and RPM5 are designed and compared. With RPM4, 
the rail foot bottom is continuously and rigidly constrained in the vertical direction, but in the 
longitudinal direction, only the motion of the central column spring-damper elements is rigidly 
constrained. With RPM5, the rail foot bottom is constrained continuously and rigidly in both the 
vertical and longitudinal directions.

Longitudinal contact forces with RPM4 and RPM5 are shown in Figure 6. Only the model with 
RPM4 can develop corrugation. It can be observed that the responses with RPM5 are rather flat with 
only minor fluctuations. With such a longitudinal contact force, the initial differential wear would 
not be sufficient to develop corrugation; then, with RPM5, corrugation would not initiate or grow.

Figure 8(a,b) show the longitudinal displacements of three nodes located in the middle of the rail 
top surface (Node 1), at the rail web (Node 2), and at the rail foot (Node 3) in the same cross-section 
using RPM4 and RPM5, respectively. Figure 8(b,d) show the displacements of the cross-section (in 
magenta) relative to the original rail cross-section without loading (in green) at three moments: 
before contact, during contact and after contact with the wheel. The rolling direction of the wheel is 
from left to right in the figure; see the velocity vector v.

In Figure 8(a), with RPM4, the longitudinal displacements of the three nodes are characterized 
by a constant component superposed with a fluctuation component varying over time. The constant 
components are approximately −4 × 10−5 m for the rail top, 0 m for the rail web and 2.5 × 10−5 m for 
the rail foot. The three constant components can be explained by the longitudinal sheared motion, 
which appears consistently at the three moments in Figure 8(b) (before, during and after contact 
with the wheel). The rail cross-section at the three moments is sheared in the direction opposite to 
the wheel rolling direction due to the applied traction, with the rail top moving backward (to the left 
of the figure) and the rail foot moving forward (to the right of the figure), both relative to the 
original rail cross-section. Furthermore, the fluctuation components of the longitudinal displace
ment of the three nodes are synchronous, i.e. in-phase fluctuation and approximately equal in 
amplitude. This means that the fluctuation component that may cause corrugation corresponds to 
an in-phase vibration over the whole rail cross-section, which should be the rail longitudinal 
compression vibration. The results in Figure 8(a,b) indicate that with RPM4, the rail in the 
longitudinal direction can experience both longitudinal sheared and longitudinal compression/ 
rarefaction vibrations.

In Figure 8(c), with RPM5, the longitudinal displacements of the three nodes are almost 
constant, i.e. without fluctuation, during the whole simulation due to the continuous and rigid 
longitudinal constraint. The magnitudes are approximately −6 × 10−5 m for the node at the rail top, 
−2 × 10−5 m at the rail web, and 0.2 × 10−5 m at the rail foot. The constant component with RPM5 at 
the rail head and the rail web is longitudinal sheared vibrations opposite to the rolling direction due 
to traction. The rail foot is rigidly constrained in the longitudinal direction, and the longitudinal 
displacement is shown as a flat line at 0 m (Figure 8(c,d)). The fluctuation component, which 
corresponds to longitudinal compression/rarefaction vibrations, as explained in RPM4, does not 
appear in the longitudinal displacement of the three nodes with RPM5 in Figure 8(c). The results in 
Figure 8(c,d) suggest that with RPM5, only longitudinal sheared motion of the rail is allowed in the 
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longitudinal direction. The local peak displacement of node 1 between 0.015 and 0.016 s in 
Figure 8(c) is the rail top displacement due to the wheel-rail contact that passes over node 1.

In conclusion, the rail longitudinal sheared vibration is present in both models RPM4 and 
RPM5, and longitudinal compression/rarefaction vibration is only present in model RPM4. As 
RPM4 can develop corrugation while RPM5 cannot, we conclude that longitudinal sheared vibra
tion is not relevant for corrugation formation.

Figure 8. Longitudinal displacement of three nodes (node 1 is in the middle of rail top surface; node 2 in the rail web; node 3 in 
the rail foot) in a rail cross-section at x = 0.6 m when the wheel rolls from the left side at x = 0.5 m (t = 0.0129 s) to the right side 
until x = 0.8 m (t = 0.0206 s) with (a) RPM4 and (c) RPM5. The black downward arrows in (a) and (c) indicate that the 3 curves in 
each of the 2 plots are in the sequence from the rail top to the rail foot. The displacements of the cross section relative to the 
original rail cross section without loading in (b) RPM4 and (d) RPM5 (Green: the original rail cross section; Magenta: the rail cross 
section after deformation.). The results were obtained with 2amax = 0 (smooth rail).

Figure 9. Comparison of the differential wear Wf with and without 1/40 rail inclination under RPM3 (bandpass filter 20–80 mm). 
The results were obtained with 2Amax = 0 (smooth rail).
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4.4.3. The corrugation-initiating wear is caused by longitudinal rail compression modes
After excluding the vertical rail bending in Section 4.4.1 and the longitudinal rail shear in 
Section 4.4.2, it is concluded that longitudinal rail compression modes, which are identified as in- 
phase longitudinal vibration over the whole rail cross-section in Figure 8(a), are decisive for 
corrugation-initiating wear. With RPM3 and RPM4, the simulation results indicate corrugation 
can continuously grow at least up to 40 µm with the consistency condition met. In the sections 
below, we will discuss in detail the necessary consistency conditions for corrugation growth with 
RPM3. In summary, among the 5 fastening models, RPM1, RPM2 and RPM5 do not allow 
corrugation occurrence, and RPM3 and RPM4 allow corrugation formation. RPM3 and RPM4 
are thus considered as effective initial excitations.

4.4.4. The influence of rail inclination is negligible
With RPM1–5, the rail inclination is 1/40. In the abovementioned analysis, the influence of the 
inclination is not considered, as with rail inclination, the lateral and torsional rail modes can also be 
involved in the wheel-rail dynamic interactions. This influence is now evaluated with RPM3 by 
comparing the differential wear calculated with and without 1/40 inclination. Figure 9 shows the 
distributions of the initial differential wear in the spatial domain. These distributions have the same 
wavelength and phase angle. Note that there is a slight difference in the amplitude. However, this 
difference does not influence the corrugation wavelength and phase angle, which determine the 
consistent corrugation initiation and growth. Therefore, the consistency in the initiation and 
growth of corrugation is still valid. It can be concluded that the 1/40 rail inclination has 
a negligible influence on the initial differential wear and corrugation formation.

5. Consistent growth of corrugation

This section discusses, by following Steps (b), (c) and (d) of the hypothesis of Section 2, the 
consistent growth of the corrugation initiated by the differential wear, which is calculated and 
discussed in Section 4. To this end, trial corrugations that are linearly proportional to and in anti- 
phase with the calculated initial differential wear of Section 4 under RPM3 (the blue line in 
Figure 5(a)) are applied to the rail to see if the hypothesis holds.

5.1. Consistency between 2Amax = 0 and 10 µm

An initial trial corrugation of amplitude 2Amax = 10 µm is applied to the rail of the FE model; this 
corresponds to Step (b). In reality, forming a corrugation with a 10 µm amplitude requires many wheel 
passages, but here, we assume the corrugation will consistently grow and thus simplify this process by 
scaling the initial differential wear amplitude to a trial amplitude of 10 µm. The discussion below will 
indicate our assumption is valid and the corrugation can indeed consistently grow up to 80 µm.

The wheel is then let roll over the corrugated rail. The resulting differential wear Wf due to the 
joint excitation of both the initial excitation and the initial corrugation is calculated, corresponding 
to Step (c), and compared in Figure 10. The Wf for 2Amax = 0 is the same in Figure 10 as in Figure 5.

The differential wear of the smooth rail (2Amax = 0) and the initially corrugated rail (2Amax = 10  
µm) are in phase with each other (Figure 10(a)) and have the same 4 main wavelength components 
(24.9, 28.6, 33.3, 39.4 mm, Figure 10(b)). Thus, the differential wear caused by joint excitation is 
consistent in both phase and wavelength with the initial differential wear that is caused by the initial 
excitation alone so that the initial corrugation will grow; i.e. the condition for consistent initiation 
and growth is satisfied (Step (d)). By this, the hypothesis is verified to hold for corrugation 
amplitudes up to 10 µm.

Similar to the initial differential wear caused by the initial excitation alone, all four main 
wavelength components of the wear at 2Amax = 10 µm (Figure 10(b)) can find their respective 
counterparts in the PSD of FL in Figure 11(d), with corresponding wavelength and magnitude. The 
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PSD of the vertical contact force (Figure 11(c)) is small at 2Amax = 10 µm. Therefore, FL dominates 
the initial corrugation growth. And RPM3 is indeed an effective initial excitation that initiates 
corrugation that consistently grows in the range of 0–10 µm.

 

  

Figure 10. Differential wear Wf with RPM3 with increasing corrugation amplitude. (a) Wf in the spatial domain normalized with 
the maximum peak-to-trough distance of the initial differential wear. (b) Wf in the wavelength domain normalized with the PSD 
magnitude of the dominant wavelength component of the wear at 2Amax = 0 µm. The peak wavelengths at 24.9 mm, 28.6 mm, 
33.3 mm and 39.4 mm correspond to 2Amax = 0.
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5.2. Consistency when 2Amax >10 µm

The next question is as follows: Until what 2Amax value will corrugation consistently grow? Since 
the differential wear of the smooth rail and of the initially corrugated rail of 2Amax = 10 µm are in 
phase with each other and have the same 4 dominant wavelength components, we further scale the 
initial corrugation up to larger trial amplitudes (2Amax)i = 40, 80, and 160 µm to see if the hypothesis 
still holds. Although the purpose here is to study the consistency with 2Amax >10 µm, the analysis is 
carried out in the range of 2Amax from 0 µm to 160 µm to obtain an integral picture of the entire 
corrugation formation process, including both initiation and growth. The calculated differential 
wear Wf is compared in Figure 10. Figure 11 shows the corresponding vertical and longitudinal 
contact forces FN and FL, respectively, in both the spatial and wavelength domains.

For convenience of quantitative analysis, the wavelength λ and the corresponding passing 
frequency f are calculated with the traffic velocity v. 

f ¼ v=λ; v ¼ 140km=h (2) 

Figure 11. Distributions of the contact forces in the spatial and wavelength domains under RPM3. (a) FN in the spatial domain; (b) 
FL in the spatial domain; (c) FN in the wavelength domain; and (d) FL in the wavelength domain.
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The values are shown in Table 2 for the components of Wf, FL and FN presented in Figures 9 and 10, 
along with those of the trial corrugations. Recall that the amplitude of the trial corrugation is 
linearly scaled up from the initial Wf, and their wavelength and frequency compositions are 
identical for all (2Amax)i = 0, 10, . . . , 160 μm, i = 0, 1, 2, . . . , and are identical to those of the initial 
Wf.

To link to the eigenfrequencies, the consistency will be checked between the frequencies (f). 
Nevertheless, wavelengths are first discussed below, as the overall apparent wavelength is what we 
directly see in real life. The frequencies that correspond to the 6 quantities, i.e. the trial corrugation, 
Wf, FL, FN, fL and fN, are

● f2Amaxj, of the trial corrugation of 2Amax, with reference frequency components j = 1, 2, . . . .
● fWfij, of Wf, with frequency components j = 1, 2, . . . at (2Amax)i, i = 0, 1, 2, . . . .
● fFLij and fFNij, of FL and FN, with frequency components j = 1, 2, . . . at (2Amax)i, i = 0, 1, 2, . . . .
● fLj and fNj, of the longitudinal and vertical eigenfrequencies, with frequency components j = 1, 

2, . . . .

The number of main frequency components in each of the 6 quantities is not necessarily the same. 
There are, for example, only 3 main vertical bending frequencies for RPM3 (see Table 4 and 9), 
whereas for most of the other quantities, there are 4 main components. The number of main 
frequency components is also not necessarily constant for a specific quantity due to, e.g. frequency 
splitting, as will be seen for FL in Table 2 and the discussion below. For simplicity, however, we use 
the same subscript j to denote the frequency components in all 6 quantities, as it will not affect our 
discussion.

The frequencies f2Amaxj, fWfij, fFLij and fFNij follow (2) in relation to their respective wavelengths. 
The relationship between fLj, fNj and their wavelengths will be discussed in Section 6 as 
a consequence of the frequency selection mechanism.

The wavelengths λ2Amaxj and corresponding frequencies f2Amaxj of the trial corrugation are 
chosen as the reference for the consistency analysis because the frequencies f2Amaxj are directly 
linked to the other 5 quantities. That is, it is the same as fWf0j of the initial Wf, which is determined 
by the longitudinal eigenfrequencies fL and the associated FL; it excites the vertical eigenfrequencies 
fN and the associated FN. Via (2), the frequencies are uniquely related to their respective corre
sponding wavelengths. Thus, wavelength and frequency are hereunder used interchangeably.

For comparison and trend analysis, relative deviations and relative differences are used. 
A (relative) deviation is defined as the absolute value of the difference between a wavelength (or 
frequency) and its reference wavelength λ2Amaxj (or frequency f2Amaxj) divided by the reference 
wavelength (or frequency). For example, in terms of wavelength λj, 

Deviation ¼ jλj � λ2Amaxjj=λ2Amaxj (3) 

A (relative) difference is defined similarly, but not relative to the reference wavelength λ2Amaxj and 
frequencies f2Amaxj. For example, in terms of wavelength λj, 

Difference ¼ jλj � λrjj=λrj;λrj�λ2Amaxj (4) 

See examples of deviations in Table 2 and examples of differences in Table 5. A quantity with a small 
deviation or difference clearly has high consistency with its denominator λ2Amaxj or λrj.

Among all 6 quantities, the 3 quantities Wf, FL and FN change with (2Amax)i, i = 0, 1, 2, . . . . The 
consistency of these 3 quantities is first examined by looking at the trend of their deviations with 
increasing 2Amax. Then, the roles of fL and fN in the consistency development are discussed by 
looking at the relative deviations and differences in Wf, FL, FN and fL and fN. This leads to the 
identification of a frequency selection mechanism that can explain the seemingly wavelength ‘fixing’ 
of the corrugation, as discussed below.
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5.2.1. Relative deviations of Wf, FL, FN and the longitudinal and vertical eigenfrequencies
The relative deviations of the wavelengths are calculated and shown in parentheses (next to the 
wavelengths) in Tables 4 and 5. The reference wavelengths are in boldface. For example, the wavelength 
component 42.8 mm of the differential wear Wf at 2Amax = 40 μm corresponds to the reference 
wavelength 39.4 mm. Thus, its relative deviation is 8.6%.

Relative deviations are calculated similarly for the eigenfrequencies of the longitudinal compres
sion fL and vertical bending fN modes in Table 2, in which the reference values are indicated with ‘w. 
r.t.,’ where necessary.

The wavelength consistency is shown in Table 3 with different colour contrasts: grey, dark green, 
and light green. In general, light green is related to small deviations and thus strong consistency; 
dark green is related to intermediate relative deviations and thus weaker consistency; and grey is 
related to large relative deviation and thus inconsistency. The colour is determined for 2Amax >0 by 
simultaneously satisfying the following three conditions: (i) a number is set to light or dark green if 
the relative deviations of all 3 (Case 1) or any 2 (Case 2) of the corresponding components are not 
larger than 3.0%; (ii) with condition (i) being satisfied, a number is set to dark green if its relative 
deviation is larger than 1.0%; otherwise, it is light green. (iii) Otherwise, a number is set to grey. 
Taking 2Amax = 40 μm as an example, the wavelength components corresponding to a reference 
wavelength of 39.4 mm are 42.8, 39.9, and 39.0 mm for the differential wear, longitudinal and 
vertical forces, respectively. They are in grey in Case 1 for all 3 quantities because one of them has 
a deviation of 8.6%, whereas in Case 2, their colour is grey, dark green and light green because the 
respective deviations are 8.6%, 1.3% and 1.0%.

Table 3. Consistency between the wavelength components of the 3 quantities (Wf, FL and FN) with increasing 2Amax. Case 1 
describes the consistency between all 3 quantities. Case 2 describes the consistency between any 2 of the 3 quantities.

Ref
λ (mm)

39,4 0,0% 0,0% 0,0% 0,0% 0,0% 0,0% 0,0% 0,0% 0,0% 0,0%
33,3 0,0% 0,0% 0,0% 0,0% 0,0% 0,0% 0,0% 0,0% 0,0% 0,0%
28,6 0,0% 0,0% 0,0% 0,0% 0,0% 0,0% 0,0% 0,0% 0,0% 0,0%

24,9 0,0% 0,0% 0,0% 0,0% 0,0% 0,0% 0,0% 0,0% 0,0% 0,0%
39,4 0,0% 0,0% 8,6% 6,3% 3,0% 0,0% 0,0% 8,6% 6,3% 3,0%
33,3 0,0% 0,0% 0,3% 6,0% 1,5% 0,0% 0,0% 0,3% 6,0% 1,5%
28,6 0,0% 0,0% 0,0% 1,7% 0,3% 0,0% 0,0% 0,0% 1,7% 0,3%
24,9 0,0% 0,0% 0,0% 0,0% 0,0% 0,0% 0,0% 0,0% 0,0% 0,0%
39,4 1,0% 1,0% 1,3% 4,1% 3,8% 1,0% 1,0% 1,3% 4,1% 3,8%

5,1% 4,8% 5,1% 4,8%
4,2% 7,3% 4,2% 7,3%

28,6 0,0% 0,0% 0,3% 1,7% 3,1% 0,0% 0,0% 0,3% 1,7% 3,1%

24,9 0,4% 0,4% 0,0% 0,4% 0,8% 0,4% 0,4% 0,0% 0,4% 0,8%
39,4 4,6% 2,0% 1,0% 0,8% 0,8% 4,6% 2,0% 1,0% 0,8% 0,8%
33,3 8,7% 0,6% 0,9% 0,9% 0,9% 8,7% 0,6% 0,9% 0,9% 0,9%
28,6 6,6% 1,4% 0,7% 0,3% 0,3% 6,6% 1,4% 0,7% 0,3% 0,3%
24,9 1,2% 0,8% 0,0% 0,0% 0,0% 1,2% 0,8% 0,0% 0,0% 0,0%

Vertical 
contact force 

FN

33,3 0,6% 0,3% 0,6% 0,3% 0,3%

Case 2
2Amax = 0 

μm
2Amax = 10 

μm
2Amax = 40 

μm
2Amax = 80 

μm
2Amax = 
160 μm

Differential 
wear

 Trial 
Corrugation

Longitudinal 
contact force 

FL

Case 1
2Amax = 0 

μm
2Amax = 10 

μm
2Amax = 40 

μm
2Amax = 80 

μm
2Amax = 
160 μm

Dynamic 
quantities

0,3%

Table 4. Comparison of frequency deviations (in brackets) of FL at 2Amax = 0 µm (fFL0j) and longitudinal compression modes fLj w.r. 
t. reference frequencies f2Amaxj.

Reference frequency f2Amaxj (= fWf0j) 987 1168 1360 1562

Longitudinal contact force fFL0j (& deviation) 977 (1.0%) 1161 (0.6%) 1360 (0.0%) 1556 (0.4%)
Longitudinal compression mode fLj (& deviation) 1025 (3.9%) 1187 (1.6%) 1360 (0.0%) 1546 (1.0%)
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5.2.2. Development and consistency trend of Wf with increasing 2Amax

First, the behaviour of the wear is examined.

5.2.2.1. The overall consistency of Wf is maintained until 2Amax  = 80 µm. Figure 10(a) shows the 
differential wear Wf with increasing corrugation amplitude in the spatial domain. When 2Amax is up 
to 80 µm, the differential wear is mostly in phase with the initial differential wear and in anti-phase 
with the initial corrugation, with decreasing amplitudes. When 2Amax is 160 µm, the differential 
wear is mostly in anti-phase with the initial differential wear. These results indicate that the 
consistent growth trend of Wf breaks at 2Amax = 80 µm. Thus, Step (d) generally holds for 2Amax 
up to 80 µm.

Note that in Figure 10(a), the consistency is seen from the overall wavelength of the wear, which 
is a combination of all the wavelength components shown in Figure 10(b). In the section below, we 
show that this overall wavelength development trend is supported by the development trend of the 
wavelength components. Figure 10(b) shows four groups of wavelength components around the 4 
respective reference wavelengths. Each group consists of 5 peaks corresponding to the 5 wavelength 
components at the 5 values of 2Amax = 0, 10, 40, 80 and 160 µm. The following observations can be 
made from Figure 10(b) for the development trend.

5.2.2.2. Wavelength and phase consistency of Wf components breaks at 2Amax  = 80 µm. The 
corrugation amplitude 2Amax = 80 µm is a breaking point for a consistent wavelength, and the 
phase development of Wf can be seen from the following observation: (a) When 2Amax is increased 
from 0 to 40 µm, the wavelengths are consistent in all 4 wavelength groups because they stay around 
their respective initial (i.e. reference) values for all but one of the components. That one exception is 
the 42.8 mm wavelength component at 2Amax = 40 µm; it has a large relative deviation of 8.6% from 
the initial value 39.4 mm (see Table 2). However, this component has a negligible PSD compared to 
the other 3 wavelength components at the same 2Amax (see Figure 10(b)). Therefore, it has a minor 
influence on the differential wear and can barely break the consistency of the overall corrugation 
growth. (b) At 2Amax = 80 µm, the wavelength components at approximately 35.3 and 41.9 mm 
deviate considerably (6.0% and 6.3%, respectively) from the initial wavelengths of 33.3 and 39.4  
mm. They also contain larger PSD magnitudes than those of the other 2 components (see 
Figure 10(b) and Tables 4 and 5); thus, they are different and strong enough to break the trend 
of consistent wear growth due to the large change in the wavelength. (c) At 2Amax = 160 µm, 
although all 4 wavelengths are again close to the initial values, the overall differential wear is in 
phase and thus inconsistent with the corrugation (see Figure 10(a)). All 4 wavelengths being close to 
the initial values should be because corrugation with an amplitude of 2Amax = 160 µm is an 
excitation that is strong enough to force the differential wear to follow its wavelengths, which are 
the initial wavelengths by the definition of trial corrugation.

To summarize, the wavelength deviations of the Wf components are in general the largest at 
2Amax = 80 µm, and the wear changes between 2Amax = 80 and 160 µm from anti-phase with 
corrugation to in-phase. 2Amax = 80 µm is thus the breaking point of the consistency of both 
wavelength and phase development.

5.2.2.3. PSD development trend of the Wf components breaks at approximately 2Amax  = 80 µm.
Correspondingly, 2Amax = 80 µm is also the breaking point of the PSD magnitude decrease trend of 
wear (Figure 10(b)); with increasing 2Amax, the PSD first decreases, reaching its lowest value at 
2Amax = 80 µm, and then increases. This indicates that high consistency in both the wavelength and 
phase of the differential wear will cause a high wear rate that results in fast corrugation growth.

As contact forces are the direct cause of the wear, the behaviour of the longitudinal and vertical 
contact forces FL and FN are examined in the next section in relation to wear behaviour.
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5.2.3. Consistency among Wf, FL and FN

The colour contrasts in Table 3 show, with increasing 2Amax, the wavelength consistency develop
ment among the 3 quantities Wf, FL and FN. Light green colour means zero or small relative 
deviations, and thus high consistency; grey is the opposite.

5.2.3.1. FL wavelength splitting at 2Amax  = 80 µm sharply increases the wavelength deviations of 
Wf and FL but not of  
FN. From Tables 4 –5, the deviations and thus the consistency change with increasing 2Amax. The 
main change takes place at 2Amax = 80 µm, where a splitting of the wavelength of the longitudinal 
contact force FL occurs; specifically, the component corresponding to reference wavelength 33.3  
mm splits into 2, i.e. 31.9 and 35.0 mm, resulting in large relative deviations of 4.2% and 5.1%, 
respectively. The sharp increase in the deviations happens only to Wf, FL, but not to FN, which 
means that the longitudinal dynamics have no noticeable direct influence on the vertical dynamics. 
The longitudinal dynamics can indirectly influence the vertical dynamics by causing corrugation 
and thus vertical excitation.

It is not rare for new vibration frequencies (here, in relation to wavelength/frequency splitting) 
to appear during the evolution of nonlinear dynamic systems [47,78]. Ewins [78] studied the forced 
vibration of a bladed disc and reported that the frequency splitting phenomenon is caused by the 
coupling of a pair of vibration modes with close eigenfrequencies and similar characteristics. Shen 
et al. [47] simulated the wheel-rail impact vibrations at squats and found that new characteristic 
frequencies can be excited with the evolution of squat geometry, i.e. different lengths and depths. In 
our case, the wavelength/frequency splitting may be caused by the coupling of the rail longitudinal 
compression modes whose eigenfrequencies (1025, 1187, 1360 and 1546 Hz in Tables 4 and 6) are 
close to the reference frequencies, and they are excited by the increased corrugation amplitudes, i.e. 
2Amax = 80 µm. This wavelength splitting coincides with the breaking of wear growth trends at 
2Amax = 80 µm discussed above.

Corresponding to this splitting of wavelengths, the number of inconsistent wavelengths of the 3 
quantities at 2Amax = 80 µm grows sharply to 7 (in grey, case 1 in Table 3), with another 2 
wavelengths turned into dark green, much more than the number of consistent wavelengths (4, 
in light green). In contrast, the only 3 inconsistent wavelengths at 2Amax = 40 µm, i.e. before 
splitting, correspond to the longest reference wavelength of 39.4 mm. Recall that the PSD of Wf 
at 39.4 mm is the weakest and thus least influential among the 4 reference wavelengths at 2Amax =  
40 µm; see Figure 10b and the discussion above.

5.2.3.2. The wavelength consistency of FL and FN decreases and increases, respectively, continu
ously with increasing  
2Amax. From Case 2 of Table 3, two trends can be observed with increasing 2Amax: (1) the 
consistency of the longitudinal force with either of the other 2 quantities continuously decreases. 
This agrees with the observation from Case 1 that the consistency between the 3 quantities decreases 
with increasing 2Amax. This is because of the pushing and disturbing effects to be discussed below in 
relation to resonance at eigenfrequencies. (2) The consistency between the vertical force and the 
wear continuously increases because of the increasing excitation of the corrugation that is propor
tional to the initial differential wear and that causes the vertical dynamic wheel-rail interaction 
force.

5.2.3.3. The wavelength consistency of Wf with FL and FN is the lowest at 2Amax  = 80 µm. As 
a result of the interplay between these 2 trends, the wavelength consistency of Wf with FL and FN in 
Case 2 (in terms of the number of light green numbers) first decreases until 2Amax = 80 µm to the 
lowest (i.e. with only 1 wavelength (24.9 mm) in light green) and then increases. This occurs with 
the decreasing consistency of Wf with and thus decreasing dominance of the longitudinal vibration, 
as well as with the increasing dominance of the vertical vibration (but then the phase of the wear 
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becomes inconsistent). This is the cause of the above observation that the wavelength deviations of 
the wear are the largest at 2Amax = 80 µm, with the corresponding PSD being the lowest, and the 
wear changes approximately 2Amax = 80 µm from being anti-phase with corrugation to being in- 
phase.

5.2.3.4. Increasing 2Amax favours the growth of longer wavelength components. Referring to 
Figure 11, the amplitude fluctuation of FN and its PSD increase monotonously with increasing 
corrugation amplitude (Figure 11(a,c)), as the vertical force is a response to the excitation by 
corrugation. The PSD of FN is negligibly small for 2Amax <40 µm.

On the other hand, the amplitude of the FL (Figure 11(b)) shows no such trend but varies 
depending on the position along the track, indicating a weaker correlation between the longitudinal 
force and the corrugation excitation. The PSD of FL (Figure 11(d)) shows, with increasing 2Amax, 
a decreasing dominance of the longitudinal vibration until 2Amax = 80 µm. After that, it shows 2 
different trends: (a) for the 2 groups of shorter wavelengths of approximately 24.9 and 28.6 mm, 
their FL PSD continues to monotonously reduce with increasing 2Amax. (b) For the 2 groups of 
longer wavelengths of approximately 33.3 and 39.4 mm, the FL PSD first decreases with increasing 
2Amax until approximately 2Amax = 80 µm and then increases. The reason for these different trends 
is because a larger 2Amax tends to require a longer time per cycle in the vertical wheel-rail 
interaction. A longer interaction time excites lower frequency vibrations in both the vertical and 
longitudinal directions, causing more longer wavelength wear, hence favouring longer wavelength 
growth.

5.2.3.5. FL wavelength splitting and its longer wavelength components break the growth trend of 
Wf at 2Amax  = 80 µm. Compared with 2Amax ≤40 μm, in Figure 11(d), there are two new and weak 
wavelength components in FL due to wavelength splitting: 31.9 mm at 2Amax = 80 μm and 30.7 mm 
at 2Amax = 160 μm. The other wavelength components of the splitting (35.0 mm at 2Amax = 80 μm 
and 34.9 mm at 2Amax = 160 μm) are stronger (higher PSD in Figure 11(d)) and longer. The 
stronger and longer ones can clearly find their counterparts in the differential wear in 
Figure 10(b) (see also Table 2): The 35.0 mm at 2Amax = 80 μm and 34.9 mm at 2Amax = 160 μm 
of the longitudinal force FL correspond to the 35.3 mm and 33.8 mm components in the wear. The 
weak and shorter splitting FL component of 31.9 mm for 2Amax = 80 μm can find a corresponding 
weak peak at approximately 31 mm in the PSD of the wear (Figure 10(b)). No counterpart can be 
found in the wear (Figure 10(b)) for the weak 30.7 mm component of FL at 2Amax = 160 μm, 
probably due to its large deviation (7.3%) and the strong dominance of the vertical excitation. 
This new 30.7 mm FL component looks in Figure 11(d) like a ‘separator’ between the 2 groups of 
shorter wavelengths and the 2 groups of longer wavelengths.

The 2 groups of longer wavelength components thus become, due to the splitting, even longer. 
Since increasing 2Amax favours the growth of longer wavelength components, the increased 
corrugation amplitude 2Amax = 80 µm, the resulting FL wavelength splitting and the increased 
wavelengths of the longer wavelength components cause the breaking of the wear growth trend.

As seen from the above analysis, Wf has 4 main components, the development of which are 
closely related to the 4 components of FL and FN. Links are observed between them and the 
eigenfrequencies of the system, as well as their excitation and splitting. There are 4 longitudinal 
compression modes in the frequency range of the Wf, FL and FN components (Table 2). There are, 
however, only 3 vertical bending modes in the same range. Since eigenfrequencies are inherent and 
fundamental characteristics of dynamic systems, links between corrugation and eigenfrequencies 
are sought below.
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5.3. Consistency with eigenfrequencies

The frequencies of the longitudinal compression fL and vertical bending modes fN close to the 
frequencies of the differential wear fWf and longitudinal and vertical forces fFL and fFN are shown in 
Table 2 for RPM3.

5.3.1. Good consistency among Wf, FL and the longitudinal modes at 2Amax = 0 µm
A comparison between the frequencies of the initial differential wear fWf0j (i.e. the reference 
frequencies f2Amaxj), the FL at 2Amax = 0 µm (fFL0j), and the longitudinal compression modes fLj is 
shown in Table 4. There is a good correspondence between the relative deviations of fLj and fFL0j; e.g. 
a large deviation from the eigen vibration mode corresponds to a large deviation of the force. 
Furthermore, the mode with the largest deviation has the lowest PSD in Figure 10(b) (the 39.4 mm 
wavelength, corresponding to 1025 Hz), and the mode with the smallest (actually null) deviation 
has the highest PSD (the 28.6 mm wavelength, corresponding to 1360 Hz). This indicates a strong 
correlation and consistency between the longitudinal compression modes fL, the longitudinal 
contact force fFL0J and the resulting differential wear fWf0j at 2Amax = 0 µm. It shows that better 
frequency consistency between them causes a higher wear rate, in line with the observation made 
above that the consistent wavelength and phase of differential wear causes a high wear rate that 
results in fast corrugation growth.

This can enable a consistent initiation and initial growth process. That is, the initial excitation 
excites the longitudinal compression modes, causing the 4 resonant longitudinal contact force 
components around the 4 eigenfrequencies, producing the consequent differential wear and 
corrugation. With v = 140 km/h, 1360 Hz is the exact resonance frequency of the 28.6 mm wave
length FL, so that a 100% consistency in wavelength and phase exists among the components of the 
longitudinal force, differential wear and corrugation of this frequency until 2Amax = 10 µm; its 
differential wear has zero deviation and is the strongest until 2Amax = 40 µm (Figure 10(b)). This is 
in good agreement with the field observations of Figure 4(d–f), which show a dominant wavelength 
at 28.6 mm, with 2Amax = 32.4 µm in Figure 4(e).

5.3.2. Decreasing consistency between FL and the longitudinal modes with increasing 2Amax

The consistency between FL and the longitudinal compression modes decreases with increasing 
2Amax, as seen from the increasing relative difference in Table 5a. This is caused by the increasing 
disturbing effect of the vertical excitation and wavelength splitting. The disturbing effect will be 
discussed below. This decrease in consistency is a cause of the decreasing dominance of the 
longitudinal vibration with increasing 2Amax.

5.3.3. Consistency between Wf and the longitudinal modes is highest at 2Amax = 0 µm
Table 5b shows that the consistency between Wf and the longitudinal modes is highest at 2Amax = 0  
µm. The deviations do not monotonously decrease with increasing 2Amax because the largest 
inconsistency does not take place at 2Amax = 160 µm but at approximately 2Amax = 80 µm, where 
splitting takes place.

Table 5a. Frequency difference in FL w.r.t. the longitudinal compression modes.

Longitudinal compression mode fLj (Hz)
2Amax 

(µm) 1025 1187 1360 1546

Longitudinal contact force 
fFLij (Hz) (& difference)

0 977 (4.7%) 1161 (2.2%) 1360 (0.0%) 1556 (0.6%)
10 977 (4.7%) 1165 (1.9%) 1360 (0.0%) 1556 (0.6%)
40 975 (4.9%) 1172 (1.3%) 1365 (0.4%) 1562 (1.0%)
80 949 (7.4%) 1111 (6.4%) 1384 (1.8%) 1569 (1.5%)

1219 (2.7%)
160 951 (7.2%) 1115 (6.1%) 1404 (3.2%) 1575 (1.9%)

1267 (6.7%)
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The largest Wf difference at 1025 Hz (11%) in Table 5b occurs at 2Amax = 40 µm, instead of 80  
µm. The PSD of Wf at 2Amax = 40 µm is, however, negligible (see Figure 10(b)). This large difference 
thus does not affect the overall consistency.

5.3.4. Poor correlation between FN and the vertical modes at 2Amax = 0 µm
A comparison among the frequencies of the initial differential wear fWf0j (= f2Amaxj), the initial FN 
and the vertical bending modes (fFN0j, fNj) is shown in Table 6. Three groups of vertical bending 
modes are found for the 3 reference frequencies of 987, 1168 and 1562 Hz, with the respective 
closest vertical eigenfrequencies (and the relative deviations) being 987 (0.0%), 1117 (4.4%) and 
1553 (0.6%) Hz. They correspond to the 3 vertical force components of 1035, 1280, and 1581 Hz at 
2Amax = 0 µm, the relative deviations of which are 4.6%, 8.7% and 1.2%, respectively. No nearby 
eigenfrequency was found for the reference frequency of 1360 Hz.

The correlation between the relative deviations of the eigenmodes fNj and of the force compo
nents FN0j is poor, if any. The vertical mode at 987 Hz has zero deviation relative to the reference 
frequency of 987 Hz, but this 987 Hz is not relevant to the 987 Hz of the differential wear, as shown 
in Section 4.4.1.

5.3.5. Consistency among Wf, FN and the vertical modes is the lowest at 2Amax = 0 µm
Table 7 shows that the consistency among the Wf, FN and the vertical modes is the lowest at 2Amax  
= 0 µm. The consistency between FN and the vertical modes largely monotonously increases with 
increasing 2Amax, as shown in Table 7a. The difference in Wf w.r.t. the vertical modes change the 
most at approximately 2Amax = 80 µm (see Table 7b). Note that the relative differences are shown in 
their absolute values. The difference is actually −1.3% for the 1102 Hz Wf at 2Amax = 80 µm. The 
change is therefore larger than that seen in Table 7b.

Hence, a correlation and a consistency are lacking between the frequencies of the vertical modes 
and the vertical contact force at 2Amax = 0 µm. In other words, the initial differential wear and 

Table 5b. Frequency difference in Wf w.r.t. the longitudinal compression modes.

Longitudinal compression mode fLj (Hz)
2Amax 

(µm) 1025 1187 1360 1546

Differential wear fWfij (Hz) (& difference) 0 987 (3.7%) 1168 (1.6%) 1360 (0.0%) 1562 (1.0%)
10 987 (3.7%) 1168 (1.6%) 1360 (0.0%) 1562 (1.0%)
40 909 (11%) 1172 (1.3%) 1360 (0.0%) 1562 (1.0%)
80 929 (9.4%) 1102 (7.2%) 1386 (1.9%) 1562 (1.0%)

160 959 (6.4%) 1151 (3.0%) 1367 (0.5%) 1562 (1.0%)

Table 6. Comparison of the frequencies (Hz) and deviations of Wf and FN at 2Amax = 0 µm (fWf0j, fFN0j), as well as vertical bending 
modes fNj.

Reference frequency f2Amaxj (= fWf0j) 987 1168 1360 1562

Vertical contact force fFN0j (& deviation) 1035 (4.6%) 1280 (8.7%) 1457 (6.6%) 1581 (1.2%)
Vertical bending mode fNj (& deviation) 987 (0.0%) 1117 (4.4%) Missing 1553 (0.6%)

Table 7a. Frequency difference in FN w.r.t. the vertical bending modes.

Vertical bending mode fNj (Hz)
2Amax 

(µm) 987 1117 Missing 1553

Reference frequencies f2Amaxj (Hz) (& deviation) 987 (0.0%) 1168 (4.4%) 1360 (100%) 1562 (0.6%)
Vertical contact force fFNij (Hz) (& difference) 0 1035 (4.9%) 1280 (15%) – 1581 (1.8%)

10 1008 (2.1%) 1175 (5.2%) – 1550 (0.2%)
40 997 (1.0%) 1179 (5.6%) – 1562 (0.6%)
80 995 (0.8%) 1179 (5.6%) – 1562 (0.6%)

160 995 (0.8%) 1179 (5.6%) – 1562 (0.6%)
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corrugation cannot be linked to the vertical bending modes. Indeed, in Figure 10(b–d) for 2Amax = 0 
and 10 µm, the PSD of FN is the lowest, whereas the PSD of FL and the wear are among the highest. 
The 1360 Hz frequency has the highest PSD, whereas a vertical bending mode is missing around this 
frequency. Although there is a 100% coincidence between the corrugation frequency and a vertical 
bending mode at 987 Hz, this vertical mode of 987 Hz is not relevant to the differential wear at 987  
Hz. All these are strong evidence of the irrelevance of the vertical bending modes to corrugation 
initiation. The poor consistency among Wf, FL and FN at 2Amax = 0 µm is clearly seen by the grey 
colour in Table 3.

5.4. Consistency between longitudinal and vertical modes determines corrugation 
formation

It is shown above that with the initial excitation of RPM3, corrugation initiates due to longitudinal 
rail compression modes; the influences of rail vertical bending, longitudinal shear and inclination 
are negligible. Once corrugation is initiated, the system is excited by both the initial excitation and 
corrugation. The excitation of the corrugation increases with the growth of the corrugation 
amplitude 2Amax. The highest consistency among Wf, FL and the longitudinal modes is at 2Amax  
= 0 µm, where the consistency between Wf, FN and the vertical modes is the lowest. With increasing 
2Amax, the consistency of Wf with the longitudinal modes decreases and that with the vertical 
modes increases. It is, therefore, the consistency between the eigenfrequencies of the longitudinal 
compression and vertical bending modes that determines the possibility and limiting amplitude 
(2Amax)l of consistent initiation and growth. (2Amax)l = 0 indicates a null chance for consistent 
initiation and growth. A large (2Amax)l indicates a high degree of consistent initiation and growth. If 
the eigenfrequencies of the vertical modes coincide 100% with those of the longitudinal modes, 
would (2Amax)l be infinite? The discussion on how the eigenmodes determine corrugation forma
tion is continued in the next section.

6. Discussion – roles of eigenmodes and mechanism of frequency selection

6.1. Longitudinal resonance determines the central frequency

At 2Amax = 0 µm, the initial excitation RPM3 determines the 4 main relevant longitudinal eigen
frequencies fLj = 1025, 1187, 1360 and 1546 Hz, as shown in Table 2. When trains pass over RPM3 at 
v = 140 km/h, they are excited, resulting in 4 corresponding FL components of wavelengths 39.8, 
33.5, 28.6 and 25.0 mm, leading to 4 differential wear components with wavelengths 39.4, 33.3, 28.6 
and 24.9 mm, respectively. The value of 1360 Hz is the exact passing frequency of 28.6 mm, so that 
exact resonance occurs. The wavelengths of the corresponding FL and wear components are equal 
(both are 28.6 mm); the phase difference between these FL and Wf components, if any, will remain 
constant. The frequencies and relative phases of this eigenmode and the corresponding components 
of FL and Wf are thus 100% consistent. Consequently, this wear component has the highest PSD; i.e. 
this wavelength is dominant (see Figure 10(b)). We call this wavelength and the corresponding 

Table 7b. Frequency difference in Wf w.r.t. the vertical bending modes.

Vertical bending mode fNj (Hz)
2Amax 

(µm) 987 1117 Missing 1553

Differential wear fWfij (Hz) (& difference) 0 987 (0.0%) 1168 (4.6%) – 1562 (0.6%)
10 987 (0.0%) 1168 (4.6%) – 1562 (0.6%)
40 909 (7.9%) 1172 (4.9%) – 1562 (0.6%)
80 929 (5.9%) 1102 (1.3%) – 1562 (0.6%)

160 959 (2.8%) 1151 (3.0%) – 1562 (0.6%)
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frequencies, as well as the Wf and FL components, the longitudinal central wavelength and 
frequency of the corrugation.

6.2. FL components are pushed away from their eigenfrequencies by the longitudinal 
central frequency

Away from the central wavelength, the wavelengths of the FL components differ from the wave
lengths of the Wf components. The farther away from the central wavelength, the larger the 
differences. Relative to 28.6 mm, the differences in the FL component wavelengths of 25.0, 33.5 
and 39.8 mm are 13%, 17% and 39% for 2Amax = 0 µm; these differences are roughly proportional to 
the relative deviations of 0.4%, 0.6 and 1.0%, respectively (see Table 8). Thus, it seems that the 
relative deviations are caused by the differences in the wavelengths (or frequency) relative to the 
dominant central wavelength (frequency). In other words, the 3 noncentral FL wavelengths (fre
quencies) are ‘pushed’ away from their respective exact resonance wavelengths (frequencies) by the 
dominant wavelength (frequencies), and the farther away they are from the central wavelength, the 
more they are being pushed away. Consequently, the consistency decreases when the frequency 
deviates away from the longitudinal central frequency, with a lower PSD of the wear.

These are true, not only for 2Amax = 0 µm but also for all the 2Amax values (see Table 5a). With 
increasing 2Amax, the noncentral FL frequencies are pushed and disturbed further away from their 
corresponding longitudinal eigenfrequencies, although the central FL frequency also gradually 
deviates from its corresponding central eigenfrequency, probably in relation to the disturbing effect 
of the increasing vertical excitation, the inconsistency between the longitudinal and vertical modes, 
especially the absence of a vertical mode at the central frequency (1360 Hz) and the wavelength 
splitting.

An exception can be seen in Table 5a; that is, when 2Amax increases from 0 µm to 40 µm, the 
difference in the FL frequency relative to the 1187 Hz eigenfrequency decreases, instead of increas
ing due to pushing, by its absolute value from 2.2% (1161 Hz) to 1.3% (1172 Hz). This decreasing 
trend is ended by the splitting of fFL = 1172 at 2Amax = 40 µm into 2 frequencies, 1111 and 1219 Hz, 
at 2Amax = 80 µm. These frequencies are 1115 and 1267 Hz at 2Amax = 160 µm. Of the 2 splitting 
frequencies, 1111 and 1219 Hz, one is below and the other is above both the reference (excitation) 
frequency 1168 Hz and the corresponding longitudinal eigenfrequency 1187 Hz.

The splitting sharply increases the deviations and differences in the Wf and FL components in 
Tables 2 and 5. However, the lower frequency (and thus longer wavelength) one, i.e. 1111 Hz at 
2Amax = 80 µm and 1115 Hz at 2Amax = 160 µm, is very close to the vertical eigenfrequency of 1117  

Table 8. FL wavelength deviations vs. FL wavelength difference w.r.t. longitudinal central wavelength at 2Amax = 0 µm.

FL wavelength λFL0j (mm) 39.8 33.5 28.6 25.0

FL wavelength deviation w.r.t. the reference wavelength, from Table 2 1.0% 0.6% 0.0% 0.4%
FL wavelength difference w.r.t. the central wavelength 28.6 mm 39% 17% 0.0% 13%
Longitudinal compression mode fL (Hz) (& deviation) 1025 (3.9%) 1187 (1.6%) 1360 (0.0%) 1546 (1.0%)

Table 9. Deviations and differences in vertical and longitudinal eigenfrequencies w.r.t. the reference and longitudinal central 
frequencies.

Reference frequency f2Amaxj (Hz) 987 1168 1360 1562

Longitudinal eigenfrequency fLj (Hz) (& deviation) 1025 
(3.9%)

1187 
(1.6%)

1360 
(0.0%)

1546 
(1.0%)

Longitudinal eigenfrequency difference w.r.t. longitudinal central 
frequency

25% 13% 0.0% 14%

Vertical eigenfrequency fNj (Hz) (& deviation) 987 (0.0%) 1117 
(4.4%)

Missing 1553 
(0.6%)

Vertical eigenfrequency difference w.r.t. the longitudinal central 
frequency

27% 18% Missing 14%
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Hz. In addition, it approaches 1117 Hz with increasing 2Amax, probably due to the converging effect 
to be discussed below.

Both the exception and the splitting happen only to the 1187 Hz eigenfrequency. This seems to 
suggest a link between the exception and the splitting. As splitting plays an important role in the 
growth of corrugation, it might be worth further investigating the link in future research.

6.3. Increasing 2Amax disturbs FL away from and converges FN towards their 
eigenfrequencies

When corrugation is initiated, the system is excited by both the initial excitation and corrugation of 
amplitude 2Amax > 0. Three sets of frequencies are involved: the reference frequencies f2Amaxj and 
the longitudinal and vertical eigenfrequencies fLj and fNj, as shown in Table 9. Their corresponding 
frequency components are not equal, i.e. there are mismatches or inconsistencies between them. 
The reference frequencies f2Amaxj are determined during the initiation by the longitudinal eigen
frequencies fLj through FL and the resulting Wf. The noncentral frequencies of FL are pushed away 
by the central frequency so that a mismatch between f2Amaxj and fLi is inevitable, as long as there is 
more than one co-acting longitudinal mode. The vertical eigenfrequencies do not influence the 
reference frequencies. As vertical modes are independent of longitudinal modes, fNj and fLj are 
usually not equal. Thus, there will usually be mismatches between fNj, fLj and f2Amaxj.

With increasing 2Amax, the differences in fFLij w.r.t. fLj increase, as shown in Table 5a, meaning 
that increasing 2Amax disturbs FL away from its corresponding longitudinal eigenfrequencies fLj 
(including the central frequency). The disturbing effects of increasing 2Amax are due to the 
mismatch between the longitudinal and vertical eigenfrequencies.

At the same time, the differences in the fFNij w.r.t. fNj decrease, as shown in Table 7a. That is, 
increasing 2Amax converges FN towards its vertical bending eigenfrequencies fNj, especially for those 
with small deviations, i.e. small mismatches; see the 987 Hz (0.0% deviation) and 1553 Hz (0.6% 
deviation) in Figure 7(a). It can also be seen in Figure 7(a) that the differences of fFNij do not 
converge to 0%, probably due to the mismatches between the reference frequencies and the 
noncentral longitudinal eigenfrequencies.

Hence, with increasing 2Amax, the longitudinal vibration is disturbed further away from its initial 
frequencies, causing weaker FL (Figure 11(d)), larger Wf and FL wavelength deviations (Table 2), an 
increased phase mismatch between the differential wear and the existing corrugation, and a lower 
wear rate (Figure 10(b)), until the phase of the wear is turned to the opposite of the initial wear 
(Figure 10(a)), so that the differential wear is in phase with the corrugation, the effect of which 
erases the corrugation.

6.4. Near-resonance matters

From Figure 10(b), in addition to the longitudinal central wavelength of 28.6 mm, the other three 
co-acting components also initiate and grow, especially the two that are close to the central 
frequency, as near-resonance takes place there. This means that exact resonance is not required 
for corrugation to initiate and grow, and near-resonance can also cause corrugation initiation and 
growth. In Table 9, the longitudinal eigenfrequency differences of frequency fj w.r.t. the longitudinal 
central frequency fLc, 

fLj � fLc
� �

=fLc
�
�

�
� (5) 

are 25%, 13% and 14% for the 3 non-central longitudinal frequencies. These differences are 
converted into the frequency ratio as follows:

|(fLc – fLj)/fLj|                                                          (6)
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They are 33%, 15%, and 12%. With a 33% frequency ratio, the effect of resonance on corrugation 
initiation and growth is small, as shown in Figure 10(b), with a 39.4 mm wavelength component 
(987 Hz). Alternatively, with a 12–15% frequency ratio, the effect of resonance is obvious, as shown 
by the strong PSD of the 24.5 mm and 33.3 mm wavelengths (1562 and 1168 Hz, respectively). Note 
that this effective frequency ratio also depends on the damping.

6.5. The wavelength consistency is reduced by increasing 2Amax towards the vertical central 
wavelength

Thus far, for all 3 quantities that change with 2Amax, i.e. Wf, FL and FN, we have analysed the 
wavelength (frequency) and phase consistency of the individual quantity Wf with increasing 2Amax 
and the consistency between any 2 of the 3, as shown with Case 2 of Table 3.

When consistency is checked simultaneously between all 3, as shown in Case 1 of Table 3, it 
appears that the consistency between the 3 quantities decreases with increasing 2Amax. At 2Amax =  
10 µm, most of the 4 components of the 3 quantities are in light green, with only 2 in dark green, 
indicating good consistency. At 2Amax = 40 µm, the longest wavelength components become incon
sistent (in grey) because the deviation of the longest wear component rises to 8.6%. With increasing 
2Amax, the number of light green numbers continuously decreases. At 2Amax = 160 µm, there is only 
one light green number that remains for each of the 3 quantities; that is, the components 
corresponding to the highest reference frequency 1562 Hz, namely, the shortest wavelength.

This observation, that the wavelength consistency among all 3 Amax-dependent quantities Wf, FL 
and FN seems to be reduced towards the shortest wavelength by increasing 2Amax, should be due to 
the combined effects of pushing and converging. Table 10 shows the largest relative deviations and 
differences of the 3 quantities in Tables 5 to 9. It can be seen that all the largest deviations and 
differences of Wf, FL (Tables 3, 7a,b and 9b) decrease with decreasing wavelength, except those of FN 
(data from Table 7a). This can be explained as follows: the longest wavelength components (39.4  
mm) are the farthest from the longitudinal central wavelength and thus suffer the most from the 
pushing effect. The shortest, 24.9 mm, was the closest, suffering the least. Although 28.6 mm is the 
longitudinal central wavelength and should have the smallest deviation or difference, a vertical 
mode is lacking in the current case of RPM3 so that with increasing 2Amax, there is no vertical 
eigenmode to converge with at the central wavelength, but the closest, that is, the shortest 
wavelength (24.9 mm). From this discussion and taking the propensity for resonance into account, 
it is inferred that in general, the wavelength consistency would be reduced to converge to the 
vertical central frequency (wavelength), a vertical eigenfrequency (wavelength) that is (almost) 
equal to the longitudinal central frequency (wavelength), or the eigen wavelength that is closest to 
the vertical central wavelength.

Note that in Table 10, the largest deviations of Wf and FL at the longitudinal central wavelength 
(28.6 mm) are larger than those at the wavelength of 24.9 mm. This is not in agreement with the 

Table 10. The largest relative deviations and differences of Wf, FL and FN w.r.t. the frequency.

Reference wavelength (mm) 39.4 33.3 28.6 24.9

Reference frequency (Hz) 987 1168 1360 1562
Longitudinal eigenfrequency (Hz) 
(& deviation, from Table 4)

1025 (3.9%) 1187 (1.6%) 1360 (0.0%) 1546 (1.0%)

Vertical eigenfrequency (Hz) 
(& deviation, from Table 6)

987 (0.0%) 1117 (4.4%) Missing (100%) 1553 (0.6%)

Largest relative deviation (Table 3) or 
Difference (Tables 7 & 9) of Wf, FL and FN

Table 33 8.6% 7.3% 3.1% 0.8%
Table 5a 7.4% 6.7% 3.2% 1.9%
Table 5b 11% 7.2% 1.9% 1.0%
Table 7a 4.9% 15% – 1.8%
Table 7b 7.9% 4.9% – 0.6%
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reasoning that the central wavelength should have the smallest deviation. This is because those of 
the 28.6 mm take place at 2Amax ≥80 µm, with which the longitudinal resonance is already 
substantially weakened by the pushing and disturbing, while the vertical resonance becomes 
dominant. The missing vertical eigenmode at 28.6 mm then makes the deviation larger than that 
at 24.9 mm.

6.6. The largest possible corrugation (2Amax)l

We now examine how (2Amax)l is determined in the case of RPM3. Two factors contribute to the 
limiting value (2Amax)l: the dominance of the vertical excitation 2Amax and the FL wavelength 
splitting. The 2 factors take place simultaneously at (2Amax)l = 80 µm; thus, they seem to be coupled. 
It is not clear how they are coupled and if they are always coupled.

As observed from Figure 10(b), the PSD of the wear Wf is the lowest at approximately 2Amax =  
80 µm and changes with increasing 2Amax from decreasing trend to increasing. This is caused by the 
continuously increasing influence of the vertical vibration, as shown in the continuously increasing 
PSD of FN (Figure 11(c)), the accompanying monotonously decreasing PSD of the 2 groups of 
shorter FL wavelength components at approximately 24.9 and 28.6 mm (Figure 11(d)), and the 
accompanying change in the PSD from decreasing to increasing at 2Amax = 80 µm of the 2 longer FL 
wavelength components at approximately 33.3 and 39.4 mm. This means that with the current 
parameter set RPM3, the vertical dominance starts at (2Amax)l = 80 µm.

The wavelength splitting also affects FL at 2Amax = 80 µm, probably caused by the increased 
vertical excitation (recall that the longer wavelength component from the splitting has a frequency 
close to and converging towards the vertical eigenfrequency of 1117 Hz). The splitting sharply 
further reduces the wavelength consistency between FL and the longitudinal modes (Table 5a), so 
that the consistent growth of the corrugation is broken at (2Amax)l = 80 µm.

Thus, it is the consistency between the vertical and longitudinal modes and their interplay that 
determine the value of (2Amax)l. Note that wear is the only damage mechanism considered for 
(2Amax)l. Consideration of plastic deformation as a damage mechanism may lead to a different 
(2Amax)l value.

The above discussion is made with RPM3, with which the vertical bending eigenfrequencies are 
different from the longitudinal eigenfrequencies. It has been seen that when the respective long
itudinal and vertical eigenfrequencies are not equal, deviations will occur between Wf, FL and FN, 
and the consistency tends to converge to the vertical central frequency. On the other hand, if the co- 
acting longitudinal and vertical eigenfrequencies are 100% equal, then the abovementioned cause of 
deviations by the disturbing effect is removed. The frequencies of Wf, FL and FN can, however, still 
not have a full match between them, i.e. not be fully consistent, because of the pushing effect of the 
longitudinal central frequency.

For full consistency among Wf, FL and FN, the only possibility seems to be that there is only one 
eigenmode for longitudinal compression and one for vertical bending. Their frequencies are equal 
and are the longitudinal and vertical central frequencies. In this case, the pushing and disturbing 
effects will disappear, and a converging effect is not needed. It seems then that (2Amax)l would be 
infinite. That is, however, impossible due to possible wavelength splitting because of the follow
ing: 1) a large 2Amax tends to favour the growth of a large wavelength, 2) a large dynamic contact 
force due to the large corrugation amplitude will cause damage and thus changes to the track and 
fastening so the RPM3 condition does not hold anymore, and 3) with a large dynamic contact force, 
the damage mechanism will no longer be pure wear.

The discussion thus far has shown that corrugation initiates without vertical bending and can 
grow until (2Amax)l = 80 µm, where vertical bending dominates. This can explain why corrugation 
can form on continuously supported tracks where pinned-pinned resonance does not exist [15,22].

INTERNATIONAL JOURNAL OF RAIL TRANSPORTATION 29



6.7. Mechanism of frequency selection and speed independence

It is seen from the discussion thus far that it is the longitudinal and vertical vibration modes, as well 
as the competition between them, that determine the overall wavelength and the (2Amax)l.

We now see how the overall wavelength is determined. We assume that there are multiple 
wavelengths that co-act. In the case with RPM3, there is a central frequency at the longitudinal 
mode (1360 Hz) where exact resonance takes place with the traffic speed v = 140 km/h. This mode 
has the strongest PSD of Wf and thus grows the fastest until 2Amax = 40 µm (see Figure 10(b)). Then, 
it can be said that the (longitudinal) central frequency fLc of the corrugation is ‘selected’ to be the 
1360 Hz eigenfrequency by the initial excitation and the traffic speed v, with the corresponding 
central wavelength λc = 28.6 mm following from λc = v/fLc.

What can be expected to happen if the traffic speed changes? Suppose the traffic speed is v = 91.9  
km/h; this should cause exact resonance at the longitudinal eigenfrequency of 1025 Hz. It means 
that the longitudinal central frequency will jump from 1360 Hz to 1025 Hz with the corresponding 
wavelength being 24.9 mm. If v = 219 km/h, then the corresponding (longitudinal central) fre
quency and wavelength will be 1546 and 39.4 mm, respectively. Thus, when the traffic speed is 
varied from 91.9 to 219 km/h, the central wavelength component varies from 24.9 mm to 39.4 mm. 
The ratio of the speed range 219/91.9 = 2.38 is much larger than that of the wavelength range 39.4/ 
24.9 = 1.58.

The next question is: what can be expected to happen if the traffic speed does not exactly 
correspond to a central wavelength? Since near resonance also causes corrugation initiation and 
growth, it is expected that if a speed can cause near-resonance, then corrugation should also initiate 
and grow. For example, if v = 180 km/h, 2 scenarios can be considered: (1) There is no corrugation 
yet, i.e. 2Amax = 0 µm. Divide this speed with the 4 longitudinal eigenfrequencies of 1025, 1187, 1360 
and 1546 Hz, and the resulting wavelengths are 48.8, 42.1, 36.8 and 32.3 mm, all of which are within 
the 20–80 mm range of short pitch corrugation. If we limit the discussion to the range discussed 
thus far of 24.9 ~ 39.4 mm of RPM3, then the longitudinal central frequency would be 1360 or 1546  
Hz, corresponding to the wavelengths 36.8 mm and 32.3 mm, which should co-act and with which 
corrugation is expected to initiate and grow. (2) Initial corrugation is already present with, e.g. 
2Amax = 10 µm, like the one shown in Figure 10 and Table 2. The wheel rolling over the corrugation 
will induce passing frequencies of 1269, 1501, 1748 and 2008 Hz, which correspond to the 4 
reference wavelengths. The frequencies 1269 and 1501 Hz are between the longitudinal eigenfre
quencies of 1187, 1360 and 1546 Hz. The ratios of the passing frequencies over the longitudinal 
eigenfrequencies are shown in Table 11; 4 of the 6 ratios are not larger than 10% and hence are 
smaller than the 12–15% frequency ratio of the 24.9 mm and 33.3 mm wavelengths above. Thus, 
effective near-resonance may occur at the 3 eigenfrequencies, and the 3 corresponding wavelength 
components of 24.9, 28.6 and 33.3 mm should grow.

A similar conclusion can be made with other speeds. Thus, corrugation can, with RPM3, initiate 
and grow between 91.9 and 219 km/h.

If lower or higher longitudinal eigenfrequencies, including the fundamental frequencies and 
harmonics of the system, are considered, then this speed range can be further extended. For 
example, there is a strong PSD at 63.6 mm wavelength in Figure 7(b); this corresponds to 
a longitudinal compression mode of 611 Hz with v = 140 km/h. With v = 54.8 km/h, resonance at 
this eigenfrequency could be induced with a wavelength of 24.9 mm. Thus, with this eigenmode, the 
speed range of RPM3 is extended from 91.9 ~ 219 km/h to 54.8 ~ 219 km/h, in which corrugation 
can initiate and grow with a central wavelength between 24.9–39.4 mm. The ratio of the speed range 

Table 11. Ratio of the passing frequency over the longitudinal eigenfrequency.

Longitudinal eigenfrequency (Hz) 1187 1360 1546

Passing frequency 1269 Hz 6.9% 6.7% 18%
Passing frequency 1501 Hz 26% 10% 2.9%
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is 219/54.8 = 4.00, with the ratio of the wavelength range remaining at 1.58. In this way, the traffic 
speed can vary in a large range while the apparent overall wavelength remains seemingly 
unchanged, or, in other words, ‘fixed.’

This hypothesis explains why the overall wavelength of corrugation is not linearly proportional 
to the traffic speed if the wavelength is determined by the eigenfrequencies. It is a mechanism of 
frequency selection that fixes the apparent overall wavelength of short pitch corrugation around 
a certain value or in a small range, seemingly independent of traffic speed. This may help explain the 
field data about the small variation between the corrugation wavelength and train speed [1,15].

The hypothesized formation mechanism is summarized as follows: A longitudinal central 
eigenfrequency is selected from the longitudinal compression eigenfrequency by resonance with 
the passing traffic speed; resonance takes place at the central frequency to generate the different 
wear and the consequential corrugation. When the traffic speed changes, near-resonance occurs at 
the central frequency, or the central frequency jumps to another longitudinal eigenfrequency to 
maintain (near-) resonance. By this, the apparent overall wavelength of the corrugation is ‘fixed’ in 
a narrow range that is not linearly proportional to the change in the traffic speed, showing an 
seemingly apparent independency of the wavelength on the speed. The mechanism is in essence 
frequency selection, instead of wavelength selection. In future research, the effect of different 
running speeds on corrugation wavelength will be further examined employing the 3D FE model.

7. Conclusions and further work

Utilizing a 3D FE approach that is proven to be effective in modelling wheel-track interactions by 
simultaneously considering the contact mechanics and the structural dynamics, as well as their 
interplay, this paper examines the conditions for consistent initiation and growth of short pitch 
corrugation by simulating a hypothesized corrugation formation process. Being consistent means 
that the differential wear due to a sequence of wheel-rail contact adds up so that the corrugation 
continuously grows. The hypothesis is shown to hold, and the corrugation formation process works 
as follows:

(1) The longitudinal compression eigenmodes, instead of the vertical bending eigenmodes, 
determine corrugation initiation, as inferred in [26]. Consequently, an initial excitation 
that allows flexibility for longitudinal modes to vibrate is needed for the initiation.

(2) A type of effective initial excitation is fastening RPM3 and RPM4, which, together with the 
overall wheel-track system, generate eigenmodes that can potentially resonate with the 
traffic and allow flexibility for longitudinal resonance to produce significant wear for 
corrugation initiation and growth. Allowing flexibility for the vertical vibration modes 
with strong longitudinal constraints did not give rise to corrugation initiation, which 
could explain the corrugation-free track that is commonly observed in the field. Lateral 
vibration modes with the fastening constraints RPM1 ~ 5 and with rail inclination up to 1/40 
did not contribute to corrugation initiation.

(3) The central wavelength λc of the initial corrugation is determined by resonance of 
a longitudinal eigenfrequency with the passing speed v of the wheels according to λc = 
v/fLc. Multiple eigenfrequencies may co-act around the central frequency fLc, causing multi
ple components of differential wear by near-resonance, contributing to the overall apparent 
wavelength of the corrugation, which is the superposition of the multiple wavelength 
components, including the central component.

(4) Once initial corrugation exists, this corrugation induces vertical vibration, causing differ
ential wear that superposes on the wear by the initial excitation. The strength of this 
vibration increases with the corrugation amplitude.
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(5) The initial excitation can induce significant longitudinal vibration only, and the longitudinal 
vibration has negligible direct influence on the vertical vibration. Vertical excitation can 
induce significant longitudinal vibration and much stronger vertical vibration.

(6) Whether or not this corrugation under the simultaneous action of the initial excitation and 
the excitation by the corrugation grows depends on the following:
(a) The consistency between the longitudinal and vertical eigenmodes that co-act and 

produce their respective wear components. Vertical modes that can (near-) resonate 
with the (initial) corrugation promote growth.

(b) The relative strength of the longitudinal and vertical vibrations. Initially, the vertical 
excitation is null or weak; thus, the initial excitation dominates the growth. With 
increasing corrugation amplitude, the vertical excitation becomes stronger and gradu
ally takes over the dominance.

(c) This consistency and this relative strength determine the maximum corrugation ampli
tude (2Amax)l. For RPM3, this (2Amax)l is 80 µm, for which wear is considered the only 
damage mechanism.

(7) Consistency is needed not only between longitudinal and vertical modes but also between 
the longitudinal modes and between the vertical modes, as the different modes cause 
different wavelength components in the differential wear and thus in the apparent overall 
corrugation.
(a) When multiple longitudinal eigenmodes contribute to the (initial) corrugation, the 

near-resonance at the non-central modes is pushed away from their eigenfrequencies 
by the resonance at the central frequency. The farther a mode is away from the central 
mode, the less contribution it makes to the corrugation, and the lower consistency it has 
with the central corrugation component.

(b) Existing corrugation as a vertical excitation disturbs the differential wear away from 
their wavelengths determined by the longitudinal modes and converges the corruga
tion towards the vertical central wavelength if the frequencies of the vertical and 
longitudinal modes are different. This disturbing and converging will not occur only 
if there is one longitudinal mode and one vertical mode that contribute to the 
corrugation, and the frequencies of the two modes are equal and are the central 
frequencies.

(c) The disturbing and pushing effects increase the inconsistency of the noncentral com
ponents. They confine resonance to a few co-acting longitudinal and vertical modes that 
are within an approximately 15% frequency ratio around the longitudinal central 
frequency. They make the central component of the corrugation increasingly dominant 
with increasing corrugation amplitude if the traffic speed is constant.

(d) A large corrugation amplitude can cause frequency splitting, which can significantly 
affect the consistency.

(8) The corrugation develops by frequency selection instead of wavelength fixing. The forma
tion mechanism works as follows: A longitudinal central eigenfrequency is selected from the 
longitudinal compression eigenfrequencies by resonance with passing traffic speed; reso
nance takes place at or around the central frequency to generate the different wear and the 
consequential corrugation. Near-resonance can occur around the central frequency if there 
is a small speed change. Alternatively, the central frequency can jump to another long
itudinal eigenfrequency in a large frequency range to maintain the maximum (near-) 
resonance in response to a large change in the traffic speed. By this, the apparent overall 
wavelength of the corrugation seems to be ‘fixed’ because it changes only in a narrow range 
that is not proportional to the large change in the traffic speed, showing a seemingly 
apparent independency of the wavelength on the speed. When the corrugation amplitude 
is large enough, vertical excitation and vertical eigenmodes come into play through the 
necessary consistency, as summarized above.

32 Z. LI ET AL.



The simulated results are based on the typical parameters of the railway in the Netherlands and 
agree with field observations such as the wavelength and periodicity of corrugation. The corruga
tion formation mechanism can explain why corrugation forms on continuously supported tracks 
where pinned-pinned resonance does not exist. It may help explain the field data with respect to the 
small variation between the corrugation wavelength and train speed.

The initial excitation considered in this work is in general a state of rail fastenings determined by 
design, construction, degradation and maintenance. Without an effective initial excitation, corru
gation cannot initiate and grow. It should be noted that rail fastenings may not be the only effective 
initial excitation for corrugation formation. Other conditions that can effectively excite eigenmodes 
of vehicle-track system, induce dynamic wheel-rail contact force, and cause differential wear, may 
also lead to corrugation consistent development. Further work will include experimental verifica
tion of the formation mechanism in laboratory-controlled conditions, as well as design of fastenings 
that can better prevent or reduce corrugation by construction and maintenance. Frequency splitting 
is found to play an important role in changing the consistency. It may be interesting to investigate 
methods that can induce such splitting at an earlier stage to stop the consistent growth of 
corrugation.

Notes

1. RPM is abbreviation of RailPad Model. RPM is used instead of FM (Fastening model) to avoid confusion with 
FE or FEM.

2. Here we do not distinguish between vertical and normal contact forces because the corrugation takes place in 
the middle of rail top, where the difference between the normal and vertical directions is by the rail inclination 
and is small. The influence of this difference is examined in Section 4.4.4.

3. Excluding the case 2Amax = 0, which does not include the influence of 2Amax so that the consistency between 
its FN and the other 2 quantities is irrelevant.
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